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1. Intro duction

Geneticregulatory networks (GRNs) cortrol cellular state, form, and function. They
are responsible for executing embryonic developmertal programs, changing cellular
state in responseto signaling events, and cortrolling metabolic processesbased
on ernvironmental conditions. Speci ¢ examplesinclude the early cell speci cation

processwithin the seaurchin embryo,! the cortrol of galactoseuptake in yeast? 4
and the pathogen-triggeredimmune responsewithin a macrophage.

GRNSs typically involve feedbad interactions among multiple genes.For exam-
ple, Figure 1 shows interactions among 36 genesinvolved in the speci cation of
three cell typesin early seaurchin embryost. The expandedsection highlights the
complex feedbadk interactions in a small part of the network. Such multiple feed-
badks make Gedanken understanding the behavior of larger GRNs virtually impos-
sible. The situation is frequertly more complexin adult organisms,where feedbad
loops intertwine genetic, metabolic, and signaling networks closely Signaling and
metabolic events changethe state of a GRN, which in turn modi es the structure
of the \upstream" signaling/metabolic network. For example, in the yeast galac-
tose utilization pathway, complex interactions among the regulatory genesGAL3,
GAL4, and GAL80 cortrol the synthesis of a handful of enzymesthat regulate
galactosemetabolism®. In turn, imported galactoseactivatesthe regulatory protein
Gal3p, which inhibits the repressiwe e ect of the Gal80p protein on the GAL regu-
lon. This is a positive feedbad loop betweenthe regulatory and metabolic networks,
asshown in Figure 2. The prevalenceand complexity of feedbad loops necessitates
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Fig. 1. Schematic diagram of 36 interacting genesunderlying endomesaderm speci cation in early
sea urchin embryost. Each gene is represerted by a horizontal line (denoting DNA) and a bent
arrow (denoting the basal transcription apparatus). The portion of the horizontal line preceding
the bent arrow represerts the cis-regulatory region of the gene. Lines emanating from one gene
and incident on another, denote transcriptional regulatory interactions. Some interactions involve
signaling (indicated by a double chevron symbol) and/or protein interactions. The call-out region
highligh ts some of the imp ortant feedbadk interactions in the endoderm. It is noted that additional
information such as biochemical reaction rate constants and a mechanistic description of gene
regulation are required in order to simulate the dynamics of the network depicted in the diagram 6.
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Fig. 2. Schematic diagram of the core genetic regulatory network of the galactose utilization path-
way in yeast*. Only the galactose-import part of the metabolic pathway is shown (GAL2 gene
and thick blue arrows indicating galactose imp ortation and processing). There is a feedbad loop
betweenthe metabolic imp ort of galactose, Gal3p activation, Gal80p inactiv ation, and Gal2p con-
trol of galactose imp ortation. It is noted that additional information such as biochemical reaction
rate constants and a mechanistic description of gene regulation are required in order to simulate
the dynamics of the pathway depicted in the diagram?.
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computational modeling and simulation of large-scalenetworks that include genetic,
metabolic, and signaling elemerts.

A complication in modeling large-scale GRNs is that the small numbers of
moleculesinvolved result in inherertly high levels of stochastic noise in GRNs.
Only two copiesof eat geneare transcribed in diploid organisms,and the number
of MRNA moleculesexpressedby genesthat code for transcription factors is typ-
ically small’. Stochastic noisein GRNs can result in complex patterns of cellular
heterogeneiy® °. The e ects and signi cance of sud variabilit y can be analyzed
with stochastic simulations* 7, but the computational cost of stochastic simula-
tions often increasesdramatically with model complexity.

The task of conducting stochastic, large-scaleGRN simulations is further com-
plicated becausetranscription and translation are highly complex processeavhose
kinetics we can only approximate. In Figure 3, we shon someof the critical stepsin
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Fig. 3. Major steps in transcription: (A) One or more transcription factors diuse along DNA
and bind to specic sites. (B) Cooperativ e interactions recruit co-factors. (C) Physical DNA is
re-structured (e.g., looping, chromatin remodeling). (D) Recruitment of the transcription complex
and initiation of transcription. (E) Translocation on DNA, and initiation of further transcriptions.

eukaryotic transcription. The v e stepsdepicted in this cartoon compressinto sin-
gle events, complex chemical interactions ead involving tens of molecular species.
The componert interactions for most of these\events" are not fully understood and
so cannot be modeled at the level of true chemical kinetics. Even if these details
were fully known, the sheer number and complexity of interactions would make
exact medanistic simulation of all stepsin genetranscription computationally pro-
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hibitiv e for any more than a few genes.Thus, there is a pressingneedto model
transcription in terms of a seriesof approximate models. The approximate models
abstract out the unknown detailed steps, but presene the key known features of
transcription and translation and faithfully capture intrinsic noise characteristics.

Consider the last step in Figure 3, the translocation of the transcription appa-
ratus along DNA. For a typical mRNA molecule,this would involve approximately
10°{10* individual, base-pair by base-pair DNA copying and translocation steps.
A GRN modeler would often require only the times at which RNA moleculesare
releasedand not be interestedin the intermediate stepsbetweentranscription initi-
ation and transcript release.Yet, to understandthe e ect and role of transcriptional
noisein network behavior, an accurate model of RNA production is needed.

Becauseof the large number of factors and co-factorsthat collectively regulate
animal genesmodeling the formation of a transcription factor complexon DNA and
the stepsthat lead to transcription initiation can involve thousands of elemeriary
reaction steps. For a multi-gene network, the task of generatinga model description
would therefore be daunting eveniif all the individual stepswere known.

Thus, analysis of the behavior of GRNs requiresthe modeling of

Interactions of multiple (often large numbers of) genes.

Metabolic / signaling networksthat regulate and areregulated by the genes.
Feedbad interactions within and betweenthe above networks, giving rise
to complex nonlinear dynamics.

Stochastic kinetics arising from the small numbers of molecules.

Reduced models of transcription and translation that compressthe hun-

dreds of individual reaction stepsinvolved in transcription and translation

to a few steps, while retaining the above four critical features.

In the rest of this paper, we describe a modeling and simulation software pro-
gram, Dizzy, which answers all the above needsand o ers additional bene ts.

2. Overview of the Dizzy software system

In this section, we give an overview of the major features of Dizzy, a software
framework for modeling the dynamics of complex biochemical systems.

Mo dular simulation framew ork: Dizzy employs a modular designin which
ead simulator is a software unit that conformsto a simple, well-de ned interface
speci cation. The biochemical modeling semariics are separatedfrom the descrip-
tion of how the dynamics is to be solved. This architecture facilitates an iterativ e
model developmen cycle in which the model is analyzed using various simulation
algorithms. The simulators implemented in Dizzy are described in Section 3.

Templates{reusable and hierarc hical model elements: Dizzy's model def-
inition language permits the de nition of reusable, parameterized model elemerts
calledtemplates. This enablesthe construction of a prepadagedlibrary of templates
that can simplify the task constructing a complex model. The template feature is
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further described in Section 4.

Complex kinetic rate laws: Dizzy enablesthe creation of reduced stochastic
models containing reactions whose propensities may be expressionsof arbitrary
complexity, represerting the averagee ect of underlying reaction stepsthat are in
guasi-steady-state(QSS). This permits e cien t approximate modeling of enzyme-
catalyzed reactions and other processedor which the overall kinetic rate is more
complicatedthan mass-actionkinetics. This feature is further describedin Section5.

Multi-step and delayed reaction pro cesses:Dizzy enablesthe simulation of
complex multi-step processesud aselongation and translocation during transcrip-
tion or translation, through two methods. One may de ne a \m ulti-step” reaction
process,or a reaction processwith an intrinsic, phenomenologicaltime delay. The
multi-step and delayed reaction features are described further in Section 6.

Estimation of steady-state stochastic noise: Dizzy provides a feature for
estimating or calculating the steady-state stochastic uctuations of the speciesin a
biochemical model, requiring only the solution of the deterministic dynamics. The
steady-state noise estimation feature is described further in Section7.

Integrated, graphical, and portable software framew ork: Dizzy hassev-
eral important software featuresincluding integration with external softwaretools, a
graphical userinterface (GUI), and a high level of portabilit y. The software features
of Dizzy are described in Section 8.

Many software tools are available for solving the deterministic and stochastic
dynamics of complex biochemical networks® 2°. A detailed overview of the most
common algorithms for simulating biochemical kinetics is preserted in Section 2 of
the Supplemerary Material. In Table 1, we comparesomeof the more widely-used
simulation softwaretools againsta speci c list of simulation algorithms and features
described above. To the best of our knowledge, Dizzy is the rst software tool
available that includesall of the featureserumerated above. In addition, it includes
novel implementations of the Gibson-Bruck and Gillespie Tau-Leap algorithms that
are applicable to models with complex kinetic rate laws. At preser, Dizzy is not
able to explicitty model spatially inhomogeneouschemical speciesconcerrations
and transport phenomenasud a di usion. However, Dizzy permits partitioning of
a model into distinct spatial compartments. Each compartment volume is treated
as a spatially homogeneouscortin uously well-stirred system.

3. Mo dular Simulation Framew ork

Dizzy has a modular designin which a simulator is a plug-in that conformsto a
well-de ned software interface. Each simulator is implemented as a self-cortained
unit that createsall of the internal data structures it needsto function. This allows
for a variety of simulation techniquesto be applied to a single model description,
and for the clean separation of the simulation method from the model description.
The model de nition is focusedon the biochemical semartics of de ning chemical
speciesand reactions. The technique and parametersfor simulating the model are
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| Software Name |Deterministic | Stochastic |[Hybrid [Templates|Stoch QSS|Multi-step ]

| Dizzy | ODE | GD, GB [ TL | yes | yes | yes |
BioNetS?? ODE GD HR yes
BioPSI?%? PRSS
BSTLab?® ODE
Cellerator?* ODE yes
BioCharon?® ODE/DE yes
Cellware® GD TL
DBSolve?’ ODE
Dynetica®® ODE GD yes yes
E-Cell® ODE GD, GB HR yes
ESS GD
Ei??\l”;%lob' ODE/DE HPN  |HFPN| ves limited
Gepast? 33 ODE yes
Jarnac>* ODE (see SBW) yes
JSim™® ODE/DE
JWS3® ODE
KineticIT %7 VB
KINSOL VER 3/ ODE
MCell 38 GD
Metab olizer®® ODE GB
MMT2 P ODE yes
NetBuilder #* DGAF limited
SBwW3% 42 48 ODE GD, GB TL
SigTran®*’ ODE GD, GB, FB limited
Simpathica™®® ODE
Stochastirator #° GD
StochSim®>? FB
STOCKS1°! GD
STOCKS2 GB TL yes
STODE *? GD yes
ULTRASAN >3 SPN
Virtual Cell** ODE

Table 1. This table compares simulation software programs. The simulation algorithms referenced
in this table are described in Section 2 of the Supplementary Material. The column \Deterministic"

lists the deterministic algorithms supported by the software. The abbreviations used are as follows:
ODE , an ordinary dieren tial equation solver; ODE/DE , a hybrid ODE solver that supports
discrete events; DGAF , a directed graph of algebraic functions. The column \Sto chastic" lists the
stochastic simulation algorithms supported by the software. The abbreviations used are as follows:
GD , Gillespie's Direct method®®; GB , the Gibson-Bruc k Next Reaction method®®; FB , the Firth-
Bray multi-state stochastic method®”; HPN , a hybrid Petri net method®8; SPN , a stochastic
Petri net method®3; PRSS , the Priami-Regev-Shapiro-Silv erman -calculus method?2: 59, The
column \Hybrid" lists the hybrid stochastic/deterministic or accelerated approximate stochastic
simulation algorithms supported by the software. The abbreviations used are as follows: TL ,
the Gillespie Tau-Leap method?: 13; HFPN , a hybrid function Petri net method3'; HR , the
Haseltine-Rawlings method!2; VB , the Vasudewa-Bhalla method!”. The column \Sto ch QSS"
means that stochastic simulations with complex rate laws based on the quasi-steady-state (QSS)
assumption (as described by Rao and Arkin 16), are supported. It should be noted that BioNetS,
Simpathica, ESS, and BioCharon are all available within the BioSPICE Dashboard software®0.
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speci ed in the simulation cortroller, and do not require changesto the model.

Dizzy includesboth stochastic and deterministic simulators. The stochastic sim-
ulators are discrete-ewent or multiple-event Monte Carlo algorithms; for information
about the random number generator used, pleaserefer to Section 3.2 of the Sup-
plemertary Material. The deterministic simulators model the dynamics as a set of
ordinary di erential equations (ODEs) which are solved numerically.

One bene t of this modular designis that one may use a deterministic ODE-
basedsolver for optimization and parameter tting, and switch to a stochastic sim-
ulation technique for exploring the stochastic dynamics, oncethe model parameters
have been established. This modularity also simpli es the task of implementing a
new simulator and integrating it into the system. In this section we describe the
simulators available in our software system.

Dizzy includes an e cien t implementation of a stochastic simulator based on
Gillespie's Direct Method®®. It usesthe Monte Carlo technique to generatean ap-
proximate solution of the master equation®® for chemical kinetics. In this method,
simulation time is advanced in discrete steps, with precisely one reaction occur-
ring at the end of eat discrete time-step. Both the time steps and the reaction
that occurs are random variables. The Direct Method requires recomputing all
reaction probability densities after ead iteration. The computational complexity
of the method therefore increaseslinearly with the number of reactions. Further-
more, for su cien tly large simulation time, the total number of iterations can be
prohibitiv ely large for some systems. Nevertheless, for simple systemswith small
numbers of speciesand reactions, the Direct Method can be useful.

Dizzy alsoimplemerts a stochastic simulator basedon Gibson and Bruck's Next
Reaction Method®®. The computational costof this Monte Carlo-type method scales
logarithmically with the number M of reaction channels,in cortrast with the Gille-
spie algorithm which scaleslinearly with M . We have implemented a tree traversal
technique to analyze a rate expressionfor a chemical reaction that has a complex
kinetic rate law, in order to ascertainthe dependenceof the rate expressionupon
the various chemical speciesin the model. This permits applying the Gibson-Bruck
method to models that implement complex kinetic rate laws, sud as those cases
described in Section 5.

Two stochastic simulators based on Gillespie's Accelerated Approximate
Method!% 13 (here referred to asthe \T au-Leap" Method) have beenimplemented
in Dizzy. The Tau-Leap Method is a stochastic processthat approximately solves
the chemical master equation, basedon a cortrollable, dimensionlesserror param-
eter . A quantity known as the \maxim um allowed leap time" is periodically
computed basedon , accordingto the Gillespie-Petzold formula'3. If the time scale

is lessthan a few times the inverseaggregatereaction probability density (where
the exact threshold is con gurable and only e ects e ciency), a Gillespie Direct
discrete evert is carried out. In the casewhere exceedsthe threshold time scale,
a\leap" is performed. The number of times ead reaction occurs during the time
interval is generatedusing the Poissondistribution basedon the reaction's proba-
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bilit y density per unit time. The state of the systemis updated to re ect the realized
number of times ead reaction occurs during the time interval . After ead \leap"
iteration, the maximum allowed leap time is recomputed.

Two versionsof the Tau-Leapalgorithm have beenimplemented, Tau-LeapCom-
plex and Tau-Leap Simple. The Tau-Leap Simple algorithm is intended for simple
models ertirely composedof reaction channelswith mass-actionkinetics. The Tau-
Leap Complex algorithm is a novel adaptation of Tau-Leap that is intended for
use with models with complicated (e.g., enzymatic) rate expressionswhose par-
tial derivatives are very expensiwe to evaluate symbolically. In this method, the
full symbolic Jacobianis stored and usedat ead iteration, in order to exploit the
caching of ewvaluated, algebraically complex sub-expressiondn the computation of
the Gillespie-Petzold formula.

Using the Poissondistribution to model the number of times Nt a given reac-
tion can occur during a time interval , hasthe disadvantage that the exponertial
tail allows for rare events in which the realized number of times a reaction occurs
(generated from the distribution) is too great for the numbers of reactant species
available; we call this \reactant exhaustion." This is not indicativ e of a failure of the
algorithm per se, but of a needto decreasethe time scale . Our implemertation
avoids this problem with a three-part adaptation. First, we calculate the expected
changein all speciesconcerirations assumingall reactions occur a number of times
equal to the propensity times (this is just the mean value of the distribution).
If any speciesis expected to be becomenegative as a result, the time scale is
decreasedn proportion to how early in the interval the speciesis expectedto be-
comeexhausted.Second for ead reaction channel, we derive the maximum number
of times a given reaction can occur beforeits reactants are exhausted;from this we
derive the meantime scaletey for reactant exhaustion. If half this time scaleis less
than ,then isdecreasedo 0:5te. Third, if despitethe previous stepsa resultant
N¢ causesreactant exhaustion, a new set of realized N; values is generated;in
practice such occurrencesare extremely rare, so the risk of bias is minimal.

Dizzy alsoincludesa deterministic simulator basedon a fth order Runge-Kutta
ODE solver. Step sizeis adaptively cortrolled, basedon a fourth order error estima-
tion formula®. Both relative and absolute error tolerancesmay be independertly
speci ed, aswell asthe initial step size.Although Runge-Kutta is not state-of-the-
art for high-accuracy integration, it is particularly useful for models in which a
derivative function is discortin uous®? 63,

Two additional deterministic simulators have been implemented based upon
the odeToJa va ODE solver padkage by Patterson and Spiteri®% 5. This package
includes a Dormand-Prince fourth/ fth  order solver®® with adaptive step size con-
trol. It also contains a Runge-Kutta implicit-explicit ODE solver®’ that is useful
for systemswith a high degreeof sti ness®3.

The performance of the deterministic and stochastic simulation algorithms de-
scribed above has been bendhimarked using a variant of the heat-shack response
model for Escherichia coli proposedby Srivastava et al.®® and adapted by Taka-
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hashi et al. for benchmarking the performanceof the E-Cell simulator ®°. This model
includes a large separation of dynamical time scales,which is typical of complex
biochemical networks. The text of the model is included in Section4 of the Supple-
mentary Material. The benchmark results for the heat-shack model are summarized
in Table 2. The results show the e ciency of the Gibson-Bruck algorithm relativeto

| Algorithm | Running time |
Gillespie Direct 514.6 28.2s
Gibson-Bruck 4049 10.7s
Tau-Leap Simple 35.53 0.43s
Tau-Leap Complex 9.55 0.15s
Dormand-Prince 5/4 ODE | 1.814 0.020s

Table 2. Benchmark results for solving the dynamics of the E. coli heat-shock model out to
100 seconds. The benchmark was carried out on a workstation with a single Intel Pentium 4
processor with a clock speed of 2.79 GHz and 1 GB of RAM. The operating system was Red
Hat Linux release 8.0, kernel version 2.4.20. The Java Runtime Environment (JRE) used was
the IBM Java Development Kit (JDK) version 1.4.1, standard edition. The heat-shock model
was solved for 100 secondsof simulation time, using v e algorithms: Dormand-Prince fourth/ fth
ODE, Gillespie, Gibson-Bruc k, Tau-Leap Complex, and Tau-Leap Simple. The ensenble size for
the stochastic simulators was one. For each of the v e simulators, the simulation was repeated ten
times, in order to obtain an average. The error tolerance for the Tau-Leap algorithms was 0.01.
Both the relativ e and absolute error tolerances for the ODE solver were 10 4.

the Gillespie Direct algorithm, and the signi cant speedimprovemert of Tau-Leap
algorithms over the Gibson-Bruck and Gillespie algorithms. It should be emphasized
that no modi cations 2 of the model de nition le werenecessaryin order to switch

betweenthe various simulation algorithms showvn above This is made possible be-
causeour model de nition languageis simulation algorithm-agnostic. Furthermore,

the Tau-Leap method does not require an ad hoc partitioning of the model into

stochastic and deterministic reaction channels. This is a potential advantage in an-
alyzing a complex model for which the \fast" and \slow" degreesof freedom are
not known a priori.

4. Templates: Reusable and Hierarc hical Mo del Elemen ts

The iterativ e and integrative processof model building in systemsbiology entails
frequert re-useand adaptation of existing models of biochemical networks and sys-
tems. The increasingcomplexity of modelsleadsto repetition of structurally similar
network elemens within a model. We employ a template semaric to enable the
de nition of reusableand hierarchical model elemeris. In this section we describe
this template feature.

aChanging the simulation algorithm necessitateschanging certain parameters related to simulation
control and accuracy. These changes occur outside the scope of the model de nition le.



March 8, 2005 13:49 WSPC/INSTR UCTION FILE paper

10 Stephen Ramsey, David Orrell and Hamid Bolouri

A template is a parameterizedmacrothat hasatype name The template may be
referencedmultiple times within a biochemical model. The type name gives some
indication of the function and cortent of the template. For example, one might
de ne atemplate with type name yeastGene. Each time a template is usedwithin
a model, it is given an instance name, such as GAL7 For a given template, all
instance namesmust be unique.

A template typically contains one or more chemical speciesde nitions and reac-
tions that areinternal to the template, which meansthat thesespeciesand reactions
inhabit a namespacethat is \lo cal" and distinct from the \global" namespaceof
the model. This meansthat if template yeastGene cortains a de nition for species
A then the template instance GAL7will contain a speciesGAL7::A. This ensures
that chemical speciesand reactionsthat are physically or conceptually localized to
a particular template instance, do not interfere with their counterparts in another
instance of the sametemplate.

A template is a parameterized macro, which enablesthe template instance to
interact with the rest of the model. A template parameter may simply be a numeric
value such as the rate of a biochemical processor the coding region length of a
gene.Each template instance may have a di erent value, that is passedto the tem-
plate instance through the template referencesemaric. Alternativ ely, a template
parameter may represern a chemical speciesthat is not localized to the template
instance, for example, a transcription factor in the nucleus.Finally, a template pa-
rameter may represert a numeric quartit y that is the \output" of the template. For
instance, the template feature is usedto de ne fractional saturation functions for
transcriptional activation, and the value of the fractional saturation function is the
\output" parameter of the template (seeSection 5 for more information).

Templatesare hierarchical in the sensethat a template de nition may corntain a
template instance. In suc a case the inner template namespacds nestedwithin the
containing template's namespaceA le inclusion mechanism allows the separation
of template de nitions from the model de nition. This facilitates the developmert
and re-useof a library of previously de ned and curated model elemens, suc as
genes,fractional saturation functions, and so forth.

A samplemodel de nition le employing the template feature is showvn in Sec-
tion 5 of the Supplemertary Material. The model describesthe galactoseutilization
pathway in yeast.

5. Stochastic reactions with complex kinetic rate laws

Reactionsdescribed by complex kinetic rate laws presert a particular challengefor
stochastic modeling. Most formulations of stochastic chemical kinetics are based
upon the assumption of elemenary mass-actionkinetics for all reaction channels®.
This assumption often doesnot apply to complex rate laws, which may consist of
many independert elemenary interaction steps. These steps may be unknown, or
their kinetic data may be unknown. This lack of su cien t information to formulate
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the kinetics of the system completely in terms of elemenary (mass-action) reac-
tion channelsis a stumbling block to performing stochastic simulations of complex
biochemical networks. In a related problem, very large collections of fast-occurring
reaction channelswithin a model may be prohibitiv ely expensive to stochastically
simulate. In both cases,t may be desirableto simulate a reduced master equation
that approximates the time-averagede ect of the fast reaction channels.In this sec-
tion we describe how our simulation ervironment enablesthe stochastic simulation
of such a reduced master equation.

Rao and Arkin proposean approximate method® for stochastically simulating
an enzyme-catalyzedprocessegovernedby a complexrate law. In this method, the
rate law is evaluated in terms of the number of substrate molecules,which will be a
random (uctuating) variable. The rate is then corverted to the units of the reac-
tion parameter, moleculesper second.The Rao-Arkin method is applicable under
the \quasi-steady-state” (QSS) condition, in which there exists a large separation
betweenthe (shorter) time scaleof the reversible enzyme-substratecomplex reac-
tion everts, and the (longer) time scalesof interest in the system. Rao and Arkin
suggestthat under the QSSconditions, this approximation represens a systematic
reduction of the chemical master equation basedon time scales.

With the goal of enabling the stochastic simulation of modelsusing complexrate
expressionsbeyond mass-actionkinetics, our model de nition ervironment allows
de ning the rate of a chemical reaction asan arbitrary mathematical expression.It
is understood that oneis solving the stochastic dynamics of an approximate reducd
master equation, and that the validity of the solution dependson the validity of the
reduced master equation. This feature enablesthe solution of the dynamics of sys-
tems involving the coupled dynamics of a regulatory network and a metabolic path-
way. In the regulatory network, intrinsic stochasticity is important. In the metabolic
pathway, metabolite corversionsare taking place at such a high rate that one may
apply the QSS assumption for the detailed interactions underlying the pathway
steps.

The initiation of transcription for genesin the GAL regulon in yeastillustrates
the e ciency of using complex kinetic rate expressionsin a stochastic simulation.
In the GAL regulon, the Gal4p homodimer is a transcription factor, and the Gal80p
homodimer can bind on top of Gal4p and represstranscription. For geneswith mul-
tiple binding sites, Gal80p dimer binding is thought to be cooperative. The number
of Galdp transcription factor binding sites for GAL genesvaries from oneto v e’0.
The number of distinct states (and possiblestate transitions) increasesas three to
the power of the number of binding sites. The GAL2 genehas v e binding sites; the
number of states of the cis-regulatory region is 243. The number of unidirectional
elemerary reactions implemerting transitions between these states is 1580. In a
complex multi-gene model, exact modeling of the dynamics of transcription factor
binding for all of the cis-regulatory regionsis computationally prohibitiv e.

In order to approximately model the e ect of transcription factor concerrations
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on the stochastic probability density for initiation of transcription, onecande ne a
time-averagedfractional saturation function for transcription initiation at steady-
state. This function can be analytically calculatedin terms of a sum of probabilities

for con gurations that leadto transcription ’*. We have derived a generalformula for
the fractional saturation for N binding sites and three states (empty, factor bound,
and factor plus repressorbound) at ead binding site, including the e ect of coop-
erativit y for transcription factor binding*. This formula permits e cien t stochastic
simulation of transcription initiation as a function of repressorand transcription

factor concerirations, without the burden of simulating a multiplicit y of elemen-
tary reactions for all possiblestate transitions. This constitutes an approximation

to the full underlying dynamics of transcription factor binding. The accuracyof the
approximation dependson the relativ e sizesof two time scales:the time scaleover
which the transcription factor concertration is varying, and the time scaleon which
transcription factor binding reactions are occurring. Our simulations indicate that

if the former time scaleis at least two times the latter, the fractional occupations
of the micro-states of the cis-regulatory region should remain in quasi-steady-state
with respect to the slowly-varying transcription factor concerrations, and the ap-
proximate method should have no more than 10% deviation from the transcription

initiation rate given by the full stochastic dynamics.

Figure 4 shows the ensenble-averagedfractional saturation calculated using the
exact stochastic method, as compared with our time-averaged steady-state frac-
tional saturation function. The excellert agreemem betweenthe approximate and
exact methods illustrates that in somecases,a large collection of fast-occurring el-
emertary reactions may be replacedwith an algebraic expressionsummarizing the
steady-state, time-averagedbehavior. In addition, the dependenceof the fractional
saturation level on the number of binding sitesis consistert with expectations based
on thermodynamics®. Using the template feature of the Dizzy modeling language
described in Section 4, the fractional saturation function is made available as a
reusablemodeling elemen.

6. Multi-step and Delayed Reaction Pro cesses

The dynamics of genetic regulatory networks involves delays due to transloca-
tion/elongation times for transcription and translation® 1872, In this section, we
describe our two methods for modeling sudh processes.

Following Gibson and Bruck's model of transcription asa cascadeof structurally
identical chemical reaction steps® 73, we have implemented a \m ulti-step” reaction
channel as a modeling elemen in our system. Conceptually, a multi-step reaction
is a chain of elemenary, irreversible reaction steps transforming speciesA into
speciesB. The reaction parameter for ead elemenary reaction step is k. We have
implemented methods for modeling the kinetics of such multi-step processesn both
the deterministic and stochastic simulation cases.

In the caseof stochastic simulations, the method of Gibson and Bruck®® is used,
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Fig. 4. Comparison between the exact stochastic model and the approximate ODE model of
transcriptional activation, for geneswith dieren t numbers of binding sites in the GAL regulon in
yeast. The stochastic simulation includes all possible state transitions between dieren t binding
site states for the cis-regulatory region; the Gibson-Bruc k algorithm was used, with an ensenble
size of 1000. The ODE solution shows the transcriptional activation in the casewhere a fractional
saturation function is usedto approximately model the averagee ect of the possible cis-regulatory
interactions; the Dormand-Prince 5/4 algorithm with a relativ e tolerance of 10 4 was used.

in which the probability density distribution P( ) for the multi-step reaction to
complete after it has started is given by the gamma distribution. For the caseof
deterministic (ODE) kinetics, we implement a numerical method for solving the
multi-step kinetics as an integro-di erential equation. We compute the instanta-
neousrate of production of B ask multiplied by a convolution of the concenration
A with P( ). For details, pleaserefer to Section 3.4 of the Supplemenary Material.

As an approximation to a multi-step reaction with a large number of steps,
Dizzy allows the de nition of an irreversible reaction A | B with an intrinsic
time delay. For the caseof a stochastic simulation of a reaction channel with a time
delay, we employ a non-Markovian stochastic processin which a moleculeof species
A is consumed,and a moleculeof speciesB is produced,with a xed delay between
the two events. For the caseof a deterministic simulation of a reaction channel
with atime delay, we employ a delay di erential equation (DDE) 7. For a detailed
description of the implementation, pleaserefer to Section3.3in the Supplemenary
Material.

The yeast galactoseutilization model has been analyzed with the inclusion of
translocation delay times for transcription and translation. Figure 5 showsthe time-
seriesdata for mMRNA levelsfor the model. The e ect of the elongationtime is clearly
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Fig. 5. Time-series plot of mRNA levels in the galactose utilization model, including elongation
delays for transcription and translation, comparing the stochastic and ODE simulation methods.
The ODE dynamics was solved using the Runge-Kutta 5/4 algorithm, with a relativ e tolerance of
10 4. The stochastic dynamics was solved using the Gibson-Bruc k algorithm, with an ensenble
size of 100. The external galactose level is 0.5 mM, which corresponds to 10% induction.

visible, as comparedto the samemodel with no translocation/elongation delays®.

7. Estimation of steady-state stochastic noise

In model developmen, it is frequertly necessaryto conduct many simulations of a
model, in order to optimize model parametersfor bestagreemen with experimental
data. The high computational cost of conducting stochastic simulations of complex
models motivates the need for a fast technique to estimate the steady-state noise
level in a biochemical network. Orrell et al.”> have developed a fast method for
estimating the steady-state stochastic noisein a kinetic model.

The system, consisting of M reaction channels and N species,is ewlved de-
terministically using ODEs to steady-state, and the N N Jacobian matrix J is
computed and diagonalized.The eigervaluesof J are represerted asa vector E. The
real parts of E are chedked to ensurenegativity at the steady-state. We construct
a diagonal matrix T whoseelemeris Tjo are given by the formula,

1

Tii 0= | i opiiRe(Ei) (1)

P of eigervectorsof J. The stochastic variance ? of the ith speciesat steady state
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can then be computed using the formula’™

XA 2
F=5 g (PTP 'v); 2

j=1
where the ij subscript denotesthe ij elemen of the matrix PTP 1, a is the in-
stantaneousrate of the jth reaction in everts per unit time, andv isthe N M
stoichiometric matrix for the system. Becausethis technique is based on a lin-
earization of the model around a steady state, it is only applicable for estimating
the uctuations of the systemwheniit is near steady state.

The aforemertioned steady-state uctuation estimation technique has beenap-
plied to a reduced version of the yeast galactoseutilization model (see Section 5
of the Supplemerary Material) governing the production of the protein Gal7p,
when the external galactoselevel is 0.5 mM. Simulations were performed using
both an ODE solver and the Gibson-Bruck simulator. The results are summarized
in Figure 6. The results shaw that the technique givesa reasonableestimate for the

0.8 T T T T T _
% predicted  m—
measured ———

07 b .
06 F — .
05 F i
04 .
03 -
02 b j

0.1 i

coefficientof variation (standard deviation / mean)

GaMp GaMp(d) GalBOp GalBOp(d) mRNA7 mRNA80 Gal7p
chemical species

Fig. 6. Coe cien t of variation of the steady-state uctuations of the speciesinvolved in the pro-
duction of Gal7p in the yeast galactose utilization pathway. The stochastic method of calculating
the uctuations (\measured"), and the ODE estimation technique (\predicted"), are compared.
The error bars on the stochastic results are one-sigma uncertain ties, due to the nite ensenble
size of 100. The (d) symbol indicates a homodimer.

steady-state noiselevel, even for the caseof a complex model. The degreeof accu-
racy in the estimate will depend on how closethe systemis to steady-state,and on
the extent of non-linearities in the model that may render the linearized approxima-
tion invalid. The technique quite accurately quanti es the changeexpectedin the
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noise level due to a changein the model”®. The ODE-based estimation technique
is extremely fast, in this case10® times faster than the Monte Carlo (stochastic)
method.

Becauseof the speedof the estimation technique and its accuracyfor quantifying
changesto noisebasedon changesto the model, the technique is well suited for use
in model parameter optimization, as well as estimating whether a full stochastic
simulation is neededto capture the steady-state behavior of chemical species of
interest. In addition, the estimation technique can be usedto quantify the various
contributions to the noisefor a given chemical species,from the di erent reaction
channelsin the model’®.

8. Integrated, graphical, and portable software framew ork

The notable software featuresof Dizzy are: portabilit y acrossmany computer archi-
tectures, integration with external software programs, and a graphical userinterface
(GUI). In this section, these software features are described.

Dizzy is implemented in the Java programming language,which enablesDizzy
to executeon any computer platform for which a Java 2 Runtime Environment of
version1.4.1or newer, is available. Dizzy hasbeenoptimized for e cien t numerical
computation in the Java Runtime Environment.

Dizzy is capableof simulating models expressedn the SystemsBiology Markup
Language (SBML) /" 7® Level 1. Dizzy can also export a model into SBML. For
optimal performance, a model should be written in the Dizzy model de nition
language, rather than imported from SBML. The SBML import feature enables
Dizzy to simulate a model constructed with the BioTapestry software program’®.

Three of the simulation algorithms within Dizzy may be invoked through the
Systems Biology Workbendh (SBW)“?; the Gibson-Bruck, Gillespie Direct, and
Runge-Kutta ODE simulators. These simulators may be easily invoked from any
SBW-enabled model developmert platform, such as CellDesignef® or JDesignef!.

Dizzy provides a menu-driven graphical user interface. This user interface in-
cludes screensfor simulation control, model editing, plotting simulation results,
and browsing/searding the hypertext user manual. A screencapture of the Dizzy
graphical userinterfaceis shown in Figure 7. Visualization of a biochemicalmodelin
a graphical represernation is enabledthrough a software bridge to the Cytoscape®*
software system. More information about Dizzy's software implementation, includ-
ing a listing of library dependenciescan be found in Section 3.1 of the Supplemen-
tary Material.

Dizzy is free and open-sourcesoftware, distributed under the GNU LesserGen-
eral Public License(LGPL) 8. The Dizzy software is available for download at the
web page http://magnet.sy st embi olo gy.net/ di zzy.
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Fig. 7. A screen capture of the Dizzy program showing a simulation of a model of circadian
rhythms in Drosophila melanogaster®2. The results indicate that the model has a stable xed
point when simulated deterministically , but has unstable perpetual oscillations when simulated

stochastically 83.

9. Conclusions

In this paper we have preseried a comprehensie software tool for conducting

stochastic and deterministic simulations of the dynamics of complex networks of

biochemical reactions. The tool is particularly well suited for modeling the dynam-
ics of integrated large-scalegenetic, metabolic, and signaling networks.
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