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Abstract

Bifurcation diagramswhich allow oneto visualisechangesn the behaiour of
low dimensionahonlineammapsasa parameters alteredarecommon.Visualisation
in higherdimensionasystemss moredif cult. A straightforvardmethodo visualise
bifurcationsin o ws of high dimensionahonlineardynamicalsystemds presented,
usingtheLorenz'96 systemswith dimensior8 anddimensiord0 asexamples.Three
techniquesreconsideredthe rst two, densityandmax/mindiagramsareanalogous
to thetraditionalbifurcationdiagramsusedfor maps. Thesediagramsaregenerally
moredif cult to interpretthanthe correspondingliagramsof maps,howvever, dueto
projectioneffectsandthe continuousnatureof the o w. The third techniqueintro-
ducesan alternatve approach:by calculatingthe power spectrumat eachvalue of
the control parametera plot is producedwhich clearly shavs the changedetween
periodic,quasi-periodicandchaoticstatesthesespectrabifurcationdiagramgeveal

structurenot shavn by the othermethods.



1 Intr oduction

Bifurcationdiagramsprovide a usefulmethodto shav how a systems behaiour changesccord-
ing to the value of a control parameterA classicexampleis the logistic map,wherethe system
shaws both periodicandchaoticbehaiour, andperiodicorbits appearasa discretesetof points
[Alligood etal., 1996]. With o ws, it is moredif cult to presenthebifurcations,dueto thecon-
tinuousnatureof the ow. While a periodicorbit in a mapis an oscillationbetweena discrete
numberof points,in a o w avariablewill sweepouta continuougangeof values.In this papey
we discussdifferentmethodsfor visualisingbifurcationsin o ws, and presenta new technique
basedon calculatingthe power spectrum. The techniquesare illustratedusing the Lorenz '96
systemsthoughthey canalsobe appliedto othersystems. The emphasids on visualisingthe
bifurcationsratherthanexploring their natureusingothermeansyhichis atopicfor futurework.

ThelLorenz'96 systemawvere rst introducedasidealisedone-dimensionahodelsof theatmo-
spherdLorenz,1996]. They producetiime serieswhich arequalitatvely similarto thebehaior of
variablessuchastemperatureVariantsof the systemshave proved usefulfor studyingissuese-
latedto atmospheri@redictabilityandmodelerror[Hansen 1998;Hansen& Smith,2000;Orrell
etal., 2001;0rrell, 2002].

The rst systemwhichwe shallreferto asSysteml, contains variables , andthe

equationsare

_ i=1,...,n 1)

where isaconstantandtheindex iscyclic sothat . The 'scanthereforebe
viewed asvariablesarounda circle. In physicalterms,they could be valuesof someatmospheric

guantitysuchastemperatur@t equallyspacedatitudesaroundtheglobe.Theconstanterm



in the equationgs externalforcing, the lineartermis internaldamping,andthe quadraticterms,
whichintroduceinformationaboutthe spatialvariationof , represenadwection.

The other systemto be discussedwill be referredto as Systemll, andincorporatessmaller
scalemotionswith shortertime scales.Thereare variables , togethemwith anadditional

variables . Theequationsare

— — (2)
for and . Again the variablesare cyclic so that and
. Following [Lorenz,1996], we set , Which hasthe effect of making

the 's uctuatetentimesmorerapidlythanthe 's.The 'scanbethoughtof ascorvective scale
guantitiesin the atmospheri@analogy The couplingcoefcient is set(exceptwhenotherwise

speci ed)to 1.

2 Behaviour of Systeml with dimension4

We begin by consideringSysteml with , Which s the simplestnon-triial variant. We rst
derive someof thebasicpropertieof thesystempeforepresentinghebifurcationbehaiour. The

equationsare:

S ®3)



By substitutinginto the equationsit is easily seenthat isa x ed
pointfor all . The stability of this x ed point canbe determinedoy consideringthe Jacobean

[Guckenheime®& Holmes,1983],whichis:

For , theJacobearvaluatedattheorigin is minustheidentity,

thusthe only eigevalueis -1 which ensurestability. For , the Jacobeamt the x edpoint
is

An eigerwvectorof thismatrixis ( ,-1, , 1), with associate@igemwalue . At aneigewalue

passeghroughthe real axis in the comple plane. This is associatedvith a Hopf bifurcation
[Guckenheimer& Holmes,1983],wherea periodicorbit is producedrom a x edpoint. Indeed,
in Figurel we seethatfor justabove 1, the systemattractorplottedas versus isanear
circular stableperiodicorbit with periodof approximately . Thevariables , and (not
shawn) alsofollow periodicorbits but areout of phasewith by , and respectiely.

Viewedasvariableson acircle, the solutioncanthenbe seerasawave propagatingn a clockwise
direction. This directionof propagatiorremainsnoticeablesven whenthe systemis chaotic,and

is aconsequencef theadwectionterm. Thepower spectrunof thetime seriesof  shavsapeak



atfrequeng 1/ , asexpectedput alsorevealsa numberof higherharmonicsat multiplesof the
basefrequeng.

As isincreasedthe time seriespicksup extralocal maximadueto the presencef higher
harmonicsbut thereis no sign of perioddoubling. In the logarithmicscale,the power appears
to decreasenore or lesslinearly with frequeng, suggestinghat the coefcients in the power
spectrumdecreasexponentiallywith frequenyg. Near , the systembecomeschaotic.
Around thereis a periodicwindow beforebecomingchaoticagain. The orbit shavn in
thelower panelshasa periodof 11.365time units.

Ratherthan examining individual valuesof , it is desirableto visualize how the system
changesand particularly where bifurcationsoccur as is varied continuously One method
to dothisis analogouso the bifurcationdiagram=f mapssuchasthelogistic map,which simply
recordthe pointson the attractorasthe bifurcationparameters increasedeitherby a scattemlot
or adensityplot. For example,the top panelof Figure2 shavs a densityplot of the  variable
(again,by symmetry it doesnt matterwhich is chosen).For eachvalueof , it recordsthe
densityof the  time seriesof thesortshavn in theleft columnof Figurel.

While the resultingdiagramis interestingand capturesmuch of the behaior, a disadantage
of the method,which doesnt occurwith maps,is thatbecause is a continuousvariable,the
periodicorbitsappeamlsa continuoushandratherthandiscretepoints,andit is hardto distinguish
areasof chaos. This canbe improved by shaving only local minima or maxima. A period
orbit producesa nite numberof local maxima,while in a chaoticregion, we expectanin nite
numberof suchmaxima. This methodis usedin the max/min gure in the middle panel;it is
againa densityplot, but now only shavs thelocal extremaof  (eitherlocal maximumor local

minimum). Interpretingthis graph,the line which appearsat representshe nearlylinear



growth in the frequeng of the solutionas is increased.The new lines which appeararound

and (andhighervaluesof ) re ect the higherharmonics(notethat theselines
do notindicateperioddoubling). The systembecomeshaoticaround , andthe periodic
window at , aswell asa secondvindow just before , canbeclearlyseen.

While thesediagramgive usefulinformation,new linesrepresentinghe growth of higherhar
monicsappeaiout of nowhere,andneednt indicateary bifurcation.Becausehe systempicksup
progressiely higherharmonicsas increasesthe morenaturalapproachs the spectal bifurca-
tion diagramin thelower panel.Thisnew kind of bifurcationdiagramwasinspiredby atechnique
usedto do on-the- y measurementsf eld harmonicsan superconductinghagnetgOrrell etal.,
1994]while the currentis beingramped.The diagramis composedy combiningthe power spec-
traatdifferentvaluesof into acontinuougpower histogram.Theverticalaxisshavs frequeng,
while the colorindicateshe power at thatfrequeng.

Comparingthe spectralbifurcationdiagramwith Figuresl andthe uppertwo panels,we see
that the lines beginning at and after and continuingto representhe periodic
orbits. Theselines are equally spacedin frequeng, indicating that the orbit in this region of
parametespaceonly containsharmonicsvhicharemultiplesof its lowestfrequeng (thisensures
periodicity). Around the chaoticregime begins. The periodicwindows, suchasthe one
near , appearasbandsof horizontallines. The periodof the orbit at may be
estimatedrom its lowestfrequenyg of about0.88,which agreeswith theobsered period11.365.

The main adwantageof the spectralbifurcationdiagramis thatit canreveal structure suchas
guasi-periodicorbits, which are not seenusing the other methods. This is evidentin the next

sectionwherewe considemhigherdimensionakystems.



3 Systeml with dimension8 and 40

Systeml canberunwith ary numberof variables.While the higherdimensionversionsdisplay
broadlysimilar behaiour to the4D casethey alsoshav additionalcomplicationsandinteresting
features. One propertyof the systemis thatit hasat leasttwo attractors:a symmetric
attractor which is a copy of the attractor and
a secondattractorcontainingno such points. This symmetricattractorwill attractary initial
conditionwhich hasthe requiredsymmetry while other points are dravn to the otherattractor
[Hansen,1998]. Thereforeperiodic orbits correspondingo thosein Figure 1, even the one at
wheremostorbits are strongly chaotic,all exist in the system. The analysis
below is concernedvith the secondasymmetrichttractor
Figure 3 shaws bifurcationdiagramsfor the case.They aresimilar to the attractorfor
the system,but becomechaoticmuchearlier Prior to about , the attractorsfor
and correspondjn the sensethat trajectoriesin the systemare dravn to
the symmetricperiodicorbits. However around a period-doublingbifurcationoccurs,
asshawvn in Figure4, andwe will no longerhave andsoon. By , the system
appeargo be chaotic. At this resolution,it is dif cult to pick out periodicwindows of ary width
in thechaoticregimepast
Thespectrabifurcationdiagramin thelower panelof Figure3 revealscompletelynew features

that are not evident from the density and max/min diagrams. The symmetricperiodic orbit is

indicatedby theline beginningat andfrequeng 0.16.At aline appearsithalfthe
frequeng, which correspondso the perioddoublingmentionedabore. By we seea broad
rangeof harmonicscorrespondingo chaos.However from about to thereare

large windows wherethe systemappearsiotto be chaotic(speci cally, it is notbroadband).



Inspectionof the spectrabifurcationdiagramrevealsthatmorethanonefrequeng, or its har
monics,arepresenin thesewindows. The slopesof the diagonallinesin therange to
aredifferent,sotherelative balanceof power betweerthe frequenciechangeswith
Whenthefrequenciesreincommensurateéheresultwill beaquasi-periodiorbit. In bifurcation
diagramsproducedeitherby the maximamethodor a Poincaé sectionmethod[Alligood et al.,
1996],thesequasi-periodiorbitsappeaiasa continuousdhandindistinguishabldrom chaos.

It is possibleto nd orbitsin the region to which appearto closeupon
themseles(thatis, the attractoris a periodicorbit); thisis shavn in Figure5 for
Thenumberof decimalplacesin , however, attestgo thefactthatthis is notaneasytask! The
periodof this orbit is 36.7,which corresponds$o a frequeng of 0.027. Figure6 is a close-upof
thespectrabifurcationdiagram.Theperiodicorbitis locatedin aregionwherethespectradisplay
linesseparatedavith afrequeng spacingof 0.027,asexpected.

Still anothemway to view, or experiencethe bifurcationsis to listento them[Orrell, 2001]. A
recordingis availablé" which containsa translationof the 8 dimensionsysteminto sound.The
and variablesareinterpretedassoundwaves,andplayedto theleft andright speakrsrespec-
tively. Startingfrom a periodicorbit at , the systemis rampedupwards. The periodic
orbitincreasein speedandsoundevel, like amotorbeingacceleratedA distinctchangds heard
asthe systemgoeschaoticaround ; thesoundlevel dropsandbecomesrregular, asif the
motoris aboutto stall. Enteringthe quasi-periodiaegion around , thesystemonceagain
settlesdown, thoughit doesnt quiterepeat.Only whenheldat a valueof isatrue
rhythmestablishedlt seemghatthe Lorenzsystemsprovide amodelof acarin needof atuneas

well astheatmosphere!

1At www.Ise.ac.uk/collections/cats/documents.htm



The dimensionof the systemcanbe increasednde nitely, but computationgapidly become
expensve. The highestdimensionwe consideredvas . Figure7 shaws bifurcationsfor the
40D Systeml. It is againquite similar to the othersystemsywith the exceptionthatthe spectral
bifurcationdiagram(lower panel)hasa somevhatricherappearance thetransitionto chaos.

The systemsconsideredo far have all hada constanforcingterm . Othervariantsarepos-
sible; onestudiedis the casewhere dependntheindex . Thisis analogougo the weather
problemwhereforcingis differentover landandover sealHansen 1998;Hansen% Smith,2000].
Other possibilitiesinclude making the forcing function a function of spaceandtime (seasonal
forcing), or a function of thelocal valueof , or all valuesof atthe currenttime, or values
of atcurrentandprevioustimes,andsoon. Systemll maybe consideredaisonesuchvariant,
wherethe forcing dependon small scale variableswhich are coupledwith the large scale

variables.

4 Behaviour of Systemll

Theequationdor the variablesn Systemll aresimilarto thoseof Systeml, with thedifference
that the constantorcing is replacedoy a term which dependson the fastscale variables.We
mightthereforeexpectthe variableso behaelikethe 'sin Systeml, but with anaddeddegree
of fuzziness Thedensityandmax/minbifurcationdiagramdor the casgdimension
40)in Figure8 bearthisout. They arequalitatvely quitesimilarto Figure3. Thelinesin theregion

to have anaddedhicknessandcorrespondo apparenthchaoticorbitsthatarelike
jostledversionsof the periodicorbitsseenin Systeml for slightly lower valuesof . Thereis an
additionalperiod doubling bifurcationat , asthe fastscalevariablesbecomenon-zero.

Anothernoticeabldeatureis thatthe variablesgendto decreas¢heforcing onaveragesothe



wholediagramis shiftedto theright comparedo Figure3.

The spectralbifurcationdiagramfor Systemll in Figure8 canbe comparedalsowith thatin
Figure3. Againit is quite similar to the Systeml case,with the differencethata full rangeof
spectrajndicatinga completelychaoticregime, doesnt occuruntil around asopposed
to . The diagramonly shaws to , however the systemappeargo remainchaotic
andthereno obvious periodicor quasi-periodiavindows visible pastthat point. Figure9 shavs
bifurcationdiagramgor the variables.

Sofarwe have only consideredifurcationsobtainedby varyingthe parameter . Thereareof
courseotherpossibilities,suchasvaryingthe coefcient , which controlsthe couplingbetween
thesmallscale variablesandthelarge scale variables.Figure10 shaws bifurcationsin the
variablesasthe coefcient is varied,while theforcing is held constantat . The spectral
bifurcationdiagramshaws intricate cross-hatchinganda degreeof structurethatis absentrom
theotherdiagrams.

Whenthe couplingcoefcient is increasedSystemll is capableof shaving quite complicated
behaiour evenat , WhereSysteml is periodic. Figurel1l shavsthe and orbits. The

variablesnearlyfollow a periodicorbit, while the variablesareclearlyquasi-periodic.

5 Conclusionsand futur e work

In this paper we have discussedlifferentmethodsfor viewing bifurcationsin high dimensional
nonlineardynamical o ws. The mostuseful,in termsof the amountof informationcorveyed, is
the spectrabifurcationdiagram. Thesediagramseveal a sometimesurprisingamountof detalil
in systembehaiour which would not otherwisebe evident.

The methodshave beenillustratedthroughoutusingthe Lorenz'96 systemsWhile thesesys-
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temsareusefulfor simulatingcertainpropertiesof atmospherianodels,they alsoturn outto be
interestingin their own right. Spectrabifurcationdiagramsreveal the extraordinarilyrich struc-
tureof their bifurcations.

While this paperasconcentratedntechniquedor visualpresentationf bifurcationsjt would
clearlybeinterestingo explorethenatureof theLorenz'96 bifurcationsin greatedetail. We hope

thattheresultsherewill sene asmotivationfor suchwork.
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Figure Captions

Fig. 1. Plotsof  versugtime, versus andlog (basel0) power spectraversusfrequeng for various

valuesof for Systeml with

Fig. 2. Bifurcationdiagramfor Systeml with . Upperpanelis adensityplot of , middle panelis

densityof local max/min,andlower panelshovs the spectrabifurcationdiagram asintroducedn thetext.

Fig. 3. Bifurcation diagramgor Systeml with . Upperpanelisthe  densityplot, middle panelis

thedensityof local max/min,lower panelis the spectrabifurcationdiagram.

Fig. 4. Perioddoubledorbit at for Systeml with

Fig. 5. Periodicorbit at for Systeml with

Fig. 6. Closeup of spectralbifurcationdiagramin region of periodic orbit, for Systeml with

Spacingof the harmonicsat is about0.27,correspondingo afrequeng of 36.7

Fig. 7. Bifurcationdiagramdor Systeml with . Upperpanelisthe  densityplot, middle panelis

the densityof local max/min,lower panelis the spectrabifurcationdiagram.

Fig. 8. Bifurcationdiagramfor the 40D Systemil, variables.

Fig. 9. Bifurcationdiagramsfor 40D Systemll, variables.

Fig. 10. Bifurcationdiagramsfor 40D Systemll, variablesasafunctionof thecouplingcoefdcient .
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Fig.11. and orbitsfor truesystenwith and
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Spacingof theharmonicsat is about0.27,correspondindo afrequeng of 36.7
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System Il, y variables
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System I, y variables as function of coupling
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