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Abstract

Bifurcation diagramswhich allow one to visualisechangesin the behaviour of

low dimensionalnonlinearmapsasaparameteris alteredarecommon.Visualisation

in higherdimensionalsystemsis moredif�cult. A straightforwardmethodto visualise

bifurcationsin �o ws of high dimensionalnonlineardynamicalsystemsis presented,

usingtheLorenz'96 systemswith dimension8 anddimension40asexamples.Three

techniquesareconsidered;the�rst two,densityandmax/mindiagrams,areanalogous

to the traditionalbifurcationdiagramsusedfor maps.Thesediagramsaregenerally

moredif�cult to interpretthanthecorrespondingdiagramsof maps,however, dueto

projectioneffectsandthe continuousnatureof the �o w. The third techniqueintro-

ducesan alternative approach:by calculatingthe power spectrumat eachvalueof

the control parameter, a plot is producedwhich clearly shows the changesbetween

periodic,quasi-periodic,andchaoticstates;thesespectralbifurcationdiagramsreveal

structurenotshown by theothermethods.
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1 Intr oduction

Bifurcationdiagramsprovideausefulmethodto show how asystem's behaviour changesaccord-

ing to thevalueof a controlparameter. A classicexampleis the logistic map,wherethesystem

shows bothperiodicandchaoticbehaviour, andperiodicorbitsappearasa discretesetof points

[Alligood et al., 1996]. With �o ws, it is moredif�cult to presentthebifurcations,dueto thecon-

tinuousnatureof the �o w. While a periodicorbit in a mapis an oscillationbetweena discrete

numberof points,in a �o w a variablewill sweepout a continuousrangeof values.In this paper,

we discussdifferentmethodsfor visualisingbifurcationsin �o ws, andpresenta new technique

basedon calculatingthe power spectrum. The techniquesare illustratedusing the Lorenz '96

systems,thoughthey canalsobe appliedto othersystems.The emphasisis on visualisingthe

bifurcations,ratherthanexploringtheirnatureusingothermeans,which is atopicfor futurework.

TheLorenz'96 systemswere�rst introducedasidealisedone-dimensionalmodelsof theatmo-

sphere[Lorenz,1996].They producetimeserieswhicharequalitatively similar to thebehavior of

variablessuchastemperature.Variantsof thesystemshave provedusefulfor studyingissuesre-

latedto atmosphericpredictabilityandmodelerror[Hansen,1998;Hansen& Smith,2000;Orrell

etal., 2001;Orrell, 2002].

The�rst system,whichweshallreferto asSystemI, contains� variables�

���

�

�����������

�	� , andthe

equationsare
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� i=1,.. . ,n (1)

where� is aconstant,andtheindex � is cyclic sothat � ���
�

�

�	���
�

�

��� . The �	� 'scanthereforebe

viewedasvariablesarounda circle. In physicalterms,they couldbevaluesof someatmospheric

quantitysuchastemperatureat � equallyspacedlatitudesaroundtheglobe.Theconstantterm �
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in theequationsis externalforcing, the linear term is internaldamping,andthequadraticterms,

which introduceinformationaboutthespatialvariationof � , representadvection.

The other systemto be discussedwill be referredto as SystemII, and incorporatessmaller

scalemotionswith shortertime scales.Thereare � variables �� � , togetherwith anadditional �

�

variables�

�

�

� � . Theequationsare
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for �

���

������� �

� and �

���

���������

� . Again the variablesarecyclic so that �

�

���
�

� �

�

�

�

�

� � and

�

�

�

� �

�

�

�

�

�

���

� � � . Following [Lorenz,1996],we set
�

�

�

����� , which hastheeffect of making

the �

� 's �uctuate tentimesmorerapidly thanthe �� 's. The �

� 's canbethoughtof asconvective scale

quantitiesin the atmosphericanalogy. The couplingcoef�cient
�

is set(exceptwhenotherwise

speci�ed)to 1.

2 Behaviour of SystemI with dimension4

We begin by consideringSystemI with �

��� , which is thesimplestnon-trivial variant.We �rst

derivesomeof thebasicpropertiesof thesystem,beforepresentingthebifurcationbehaviour. The

equationsare:
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By substitutinginto the equations,it is easilyseenthat �
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�

� �

�

� is a �x ed

point for all � . The stability of this �x ed point canbe determinedby consideringthe Jacobean

[Guckenheimer& Holmes,1983],which is:
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thustheonly eigenvalueis -1 which ensuresstability. For �
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An eigenvectorof thismatrixis ( � ,-1, �

� , 1),with associatedeigenvalue � . At �

� � aneigenvalue

passesthroughthe real axis in the complex plane. This is associatedwith a Hopf bifurcation

[Guckenheimer& Holmes,1983],wherea periodicorbit is producedfrom a �x edpoint. Indeed,

in Figure1 we seethat for � just above 1, thesystemattractorplottedas �

� versus�

� is a near

circularstableperiodicorbit with periodof approximately�	� . Thevariables�

� , �

� and �
� (not

shown) alsofollow periodicorbitsbut areout of phasewith �

� by ��
	� , � and �	��
	� respectively.

Viewedasvariablesonacircle,thesolutioncanthenbeseenasawavepropagatingin aclockwise

direction.This directionof propagationremainsnoticeableevenwhenthesystemis chaotic,and

is aconsequenceof theadvectionterm.Thepowerspectrumof thetimeseriesof �

� showsapeak
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at frequency 1/�	� , asexpected,but alsorevealsa numberof higherharmonicsat multiplesof the

basefrequency.

As � is increased,the �

� timeseriespicksup extra localmaximadueto thepresenceof higher

harmonics,but thereis no sign of perioddoubling. In the logarithmicscale,the power appears

to decreasemore or lesslinearly with frequency, suggestingthat the coef�cients in the power

spectrumdecreaseexponentiallywith frequency. Near �

� �

� , the systembecomeschaotic.

Around �

� � �

��� thereis a periodicwindow beforebecomingchaoticagain.Theorbit shown in

thelowerpanelshasaperiodof 11.365time units.

Ratherthan examining individual valuesof � , it is desirableto visualize how the system

changes,and particularly wherebifurcationsoccur, as � is varied continuously. One method

to do this is analogousto thebifurcationdiagramsof mapssuchasthelogisticmap,whichsimply

recordthepointson theattractorasthebifurcationparameteris increased,eitherby a scatterplot

or a densityplot. For example,the top panelof Figure2 shows a densityplot of the �

� variable

(again,by symmetry, it doesn't matterwhich � � is chosen).For eachvalueof � , it recordsthe

densityof the �

� timeseries,of thesortshown in theleft columnof Figure1.

While the resultingdiagramis interestingandcapturesmuchof the behavior, a disadvantage

of the method,which doesn't occurwith maps,is that because�

� is a continuousvariable,the

periodicorbitsappearasacontinuousbandratherthandiscretepoints,andit is hardto distinguish

areasof chaos. This canbe improved by showing only local minima or maxima. A period �

orbit producesa �nite numberof local maxima,while in a chaoticregion, we expectan in�nite

numberof suchmaxima. This methodis usedin the max/min �gure in the middle panel; it is

againa densityplot, but now only shows the local extremaof �

� (eitherlocal maximumor local

minimum). Interpretingthis graph,the line which appearsat �

� � representsthenearlylinear
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growth in the frequency of the solutionas � is increased.The new lines which appeararound

�

�

� and �

��� (andhighervaluesof � ) re�ect the higherharmonics(notethat theselines

do not indicateperioddoubling). Thesystembecomeschaoticaround�

���

� , andtheperiodic

window at �

� � �

��� , aswell asasecondwindow justbefore�

� ��� , canbeclearlyseen.

While thesediagramsgiveusefulinformation,new linesrepresentingthegrowth of higherhar-

monicsappearoutof nowhere,andneedn't indicateany bifurcation.Becausethesystempicksup

progressively higherharmonicsas � increases,themorenaturalapproachis thespectral bifurca-

tion diagramin thelowerpanel.Thisnew kind of bifurcationdiagramwasinspiredby atechnique

usedto do on-the-�y measurementsof �eld harmonicsin superconductingmagnets[Orrell et al.,

1994]while thecurrentis beingramped.Thediagramis composedby combiningthepowerspec-

traatdifferentvaluesof � into acontinuouspowerhistogram.Theverticalaxisshows frequency,

while thecolor indicatesthepowerat thatfrequency.

Comparingthe spectralbifurcationdiagramwith Figures1 andthe uppertwo panels,we see

that the lines beginning at andafter �

� � and continuingto �

� �

� representthe periodic

orbits. Theselines are equally spacedin frequency, indicating that the orbit in this region of

parameterspaceonly containsharmonicswhicharemultiplesof its lowestfrequency (thisensures

periodicity). Around �

� �

� thechaoticregimebegins. Theperiodicwindows, suchastheone

near �

� ��� , appearasbandsof horizontallines. Theperiodof the orbit at �

� � �

��� may be

estimatedfrom its lowestfrequency of about0.88,whichagreeswith theobservedperiod11.365.

Themainadvantageof thespectralbifurcationdiagramis that it canreveal structure,suchas

quasi-periodicorbits, which are not seenusing the othermethods. This is evident in the next

section,wherewe considerhigher-dimensionalsystems.
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3 SystemI with dimension8 and 40

SystemI canberun with any numberof variables.While thehigherdimensionversionsdisplay

broadlysimilarbehaviour to the4D case,they alsoshow additionalcomplicationsandinteresting

features.Onepropertyof the �

� � systemis that it hasat leasttwo attractors:a symmetric

attractor �

�

�

�

�

���

���

�

�

���

���

�

�

� �

���

�

� �

� which is a copy of the �

� � attractor, and

a secondattractorcontainingno suchpoints. This symmetricattractorwill attractany initial

conditionwhich hasthe requiredsymmetry, while otherpointsaredrawn to the otherattractor

[Hansen,1998]. Thereforeperiodicorbits correspondingto thosein Figure1, even the oneat

�

� � �

��� wheremostorbits arestronglychaotic,all exist in the �

� � system. The analysis

below is concernedwith thesecond(asymmetric)attractor.

Figure3 shows bifurcationdiagramsfor the �

� � case.They aresimilar to theattractorfor

the �

��� system,but becomechaoticmuchearlier. Prior to about �

�

�

�

� , the attractorsfor

�

� � and �

� � correspond,in the sensethat trajectoriesin the �

� � systemaredrawn to

the symmetricperiodicorbits. However around �

�

�

�

� a period-doublingbifurcationoccurs,

asshown in Figure4, andwe will no longerhave �

�

�

�

� andsoon. By �

�

�

�

� , thesystem

appearsto bechaotic.At this resolution,it is dif�cult to pick out periodicwindows of any width

in thechaoticregimepast �

� �

�	� .

Thespectralbifurcationdiagramin thelowerpanelof Figure3 revealscompletelynew features

that are not evident from the densityand max/min diagrams. The symmetricperiodicorbit is

indicatedby theline beginningat �

� � andfrequency 0.16.At �

�

�

�

� aline appearsathalf the

frequency, whichcorrespondsto theperioddoublingmentionedabove. By �

� � weseeabroad

rangeof harmonicscorrespondingto chaos.However from about �

� �

�

� to �

�

� �

� thereare

largewindows wherethesystemappearsnot to bechaotic(speci�cally, it is notbroadband).
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Inspectionof thespectralbifurcationdiagramrevealsthatmorethanonefrequency, or its har-

monics,arepresentin thesewindows. Theslopesof thediagonallines in therange�

� �

�

� to

�

�

� �

� aredifferent,so therelative balanceof power betweenthefrequencieschangeswith � .

Whenthefrequenciesareincommensurate,theresultwill beaquasi-periodicorbit. In bifurcation

diagramsproducedeitherby themaximamethodor a Poincaŕe sectionmethod[Alligood et al.,

1996],thesequasi-periodicorbitsappearasacontinuousbandindistinguishablefrom chaos.

It is possibleto �nd orbits in the region �

� �

�

� to �

�

� �

� which appearto closeupon

themselves(that is, theattractoris a periodicorbit); this is shown in Figure5 for �

�

� �

� �

�

���

� .

Thenumberof decimalplacesin � , however, atteststo thefact that this is not aneasytask! The

periodof this orbit is 36.7,which correspondsto a frequency of 0.027. Figure6 is a close-upof

thespectralbifurcationdiagram.Theperiodicorbit is locatedin aregionwherethespectradisplay

linesseparatedwith a frequency spacingof 0.027,asexpected.

Still anotherway to view, or experience,thebifurcationsis to listento them[Orrell, 2001]. A

recordingis available1 whichcontainsa translationof the8 dimensionsysteminto sound.The �

�

and �

� variablesareinterpretedassoundwaves,andplayedto theleft andright speakersrespec-

tively. Startingfrom a periodicorbit at �

�

�

�	� , the systemis rampedupwards. The periodic

orbit increasesin speedandsoundlevel, likeamotorbeingaccelerated.A distinctchangeis heard

asthesystemgoeschaoticaround�

�

�

�

� ; thesoundlevel dropsandbecomesirregular, asif the

motoris aboutto stall. Enteringthequasi-periodicregionaround�

� �

��� , thesystemonceagain

settlesdown, thoughit doesn't quiterepeat.Only whenheldat a valueof �

�

� �

� �

�

���

� is a true

rhythmestablished.It seemsthattheLorenzsystemsprovideamodelof acarin needof a tuneas

well astheatmosphere!

1At www.lse.ac.uk/collections/cats/documents.htm
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The dimensionof the systemcanbe increasedinde�nitely, but computationsrapidly become

expensive. Thehighestdimensionweconsideredwas �

� � � . Figure7 showsbifurcationsfor the

40D SystemI. It is againquite similar to theothersystems,with the exceptionthat the spectral

bifurcationdiagram(lower panel)hasasomewhatricherappearancein thetransitionto chaos.

Thesystemsconsideredsofar have all hada constantforcing term � . Othervariantsarepos-

sible; onestudiedis thecasewhere � dependson the index � . This is analogousto theweather

problemwhereforcing is differentover landandoversea[Hansen,1998;Hansen& Smith,2000].

Otherpossibilitiesincludemaking the forcing function a function of spaceand time (seasonal

forcing), or a function of the local valueof � � , or all valuesof � � at the currenttime, or values

of �	� at currentandprevioustimes,andsoon. SystemII maybeconsideredasonesuchvariant,

wherethe forcing dependson small scale �

� variableswhich arecoupledwith the large scale ��

variables.

4 Behaviour of SystemII

Theequationsfor the �� variablesin SystemII aresimilar to thoseof SystemI, with thedifference

that the constantforcing is replacedby a term which dependson the fastscale �

� variables.We

might thereforeexpectthe �� variablesto behave like the � 's in SystemI, but with anaddeddegree

of fuzziness.Thedensityandmax/minbifurcationdiagramsfor the �

� �

�

�

� � case(dimension

40)in Figure8bearthisout. They arequalitatively quitesimilarto Figure3. Thelinesin theregion

�

� � to �

�

� haveanaddedthickness,andcorrespondto apparentlychaoticorbitsthatarelike

jostledversionsof theperiodicorbitsseenin SystemI for slightly lower valuesof � . Thereis an

additionalperioddoublingbifurcationat �

� �

�	� , asthe fastscalevariablesbecomenon-zero.

Anothernoticeablefeatureis thatthe �

� variablestendto decreasetheforcing � onaverage,sothe
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wholediagramis shiftedto theright comparedto Figure3.

The spectralbifurcationdiagramfor SystemII in Figure8 canbe comparedalsowith that in

Figure3. Again it is quite similar to the SystemI case,with the differencethat a full rangeof

spectra,indicatinga completelychaoticregime,doesn't occuruntil around�

�

� �	� asopposed

to �

� � . The diagramonly shows to �

� � , however the systemappearsto remainchaotic

andthereno obviousperiodicor quasi-periodicwindows visible pastthatpoint. Figure9 shows

bifurcationdiagramsfor the �

� variables.

Sofarwehave only consideredbifurcationsobtainedby varyingtheparameter� . Thereareof

courseotherpossibilities,suchasvaryingthecoef�cient
�

, which controlsthecouplingbetween

thesmallscale �

� variablesandthe large scale �� variables.Figure10 shows bifurcationsin the �

�

variablesasthecoef�cient
�

is varied,while theforcing is heldconstantat �

�

� . Thespectral

bifurcationdiagramshows intricatecross-hatching,anda degreeof structurethat is absentfrom

theotherdiagrams.

Whenthecouplingcoef�cient is increased,SystemII is capableof showing quitecomplicated

behaviour evenat �

�

� , whereSystemI is periodic.Figure11 shows the �� and �

� orbits. The ��

variablesnearlyfollow aperiodicorbit, while the �

� variablesareclearlyquasi-periodic.

5 Conclusionsand futur e work

In this paper, we have discusseddifferentmethodsfor viewing bifurcationsin high dimensional

nonlineardynamical�o ws. Themostuseful,in termsof theamountof informationconveyed, is

thespectralbifurcationdiagram.Thesediagramsreveala sometimessurprisingamountof detail

in systembehaviour whichwouldnototherwisebeevident.

Themethodshave beenillustratedthroughoutusingtheLorenz'96 systems.While thesesys-
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temsareusefulfor simulatingcertainpropertiesof atmosphericmodels,they alsoturn out to be

interestingin their own right. Spectralbifurcationdiagramsreveal theextraordinarilyrich struc-

tureof theirbifurcations.

While thispaperhasconcentratedontechniquesfor visualpresentationof bifurcations,it would

clearlybeinterestingto explorethenatureof theLorenz'96 bifurcationsin greaterdetail.Wehope

thattheresultsherewill serve asmotivationfor suchwork.
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Figure Captions

Fig. 1. Plotsof ��� versustime, ��� versus��� andlog (base10) power spectraversusfrequency for various

valuesof
�

for SystemI with ���
	 .

Fig. 2. Bifurcationdiagramfor SystemI with ����	 . Upperpanelis a densityplot of �
� , middlepanelis

densityof localmax/min,andlowerpanelshowsthespectralbifurcationdiagram,asintroducedin thetext.

Fig. 3. Bifurcationdiagramsfor SystemI with ����� . Upperpanelis the ��� densityplot, middlepanelis

thedensityof localmax/min,lowerpanelis thespectralbifurcationdiagram.

Fig. 4. Perioddoubledorbit at
�

��� for SystemI with ����� .

Fig. 5. Periodicorbit at
�

����������������� for SystemI with ����� .

Fig. 6. Closeup of spectralbifurcation diagramin region of periodicorbit, for SystemI with � �!� .

Spacingof theharmonicsat
�

�"�#� ���$������� is about0.27,correspondingto a frequency of 36.7

Fig. 7. Bifurcationdiagramsfor SystemI with ����	�% . Upperpanelis the �
� densityplot, middlepanelis

thedensityof localmax/min,lowerpanelis thespectralbifurcationdiagram.

Fig. 8. Bifurcationdiagramfor the40DSystemII, &� variables.

Fig. 9. Bifurcationdiagramsfor 40DSystemII, &

' variables.

Fig. 10. Bifurcationdiagramsfor 40DSystemII, &

' variables,asa functionof thecouplingcoef®cient ( .
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Fig. 11. &� and &

' orbitsfor truesystemwith
�

��� and � �

�

� � .
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Fig. 2. Bifurcationdiagramfor SystemI with ����	 . Upperpanelis a densityplot of �
� , middlepanelis

densityof localmax/min,andlowerpanelshowsthespectralbifurcationdiagram,asintroducedin thetext.
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Fig. 3. Bifurcationdiagramsfor SystemI with ����� . Upperpanelis the �
� densityplot, middlepanelis

thedensityof localmax/min,lowerpanelis thespectralbifurcationdiagram.
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Spacingof theharmonicsat
�

�"�#� ���$������� is about0.27,correspondingto a frequency of 36.7
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Fig. 7. Bifurcationdiagramsfor SystemI with ����	�% . Upperpanelis the �
� densityplot, middlepanelis

thedensityof localmax/min,lowerpanelis thespectralbifurcationdiagram.
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Fig. 8. Bifurcationdiagramfor the40DSystemII, &� variables.
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Fig. 9. Bifurcationdiagramsfor 40DSystemII, &

' variables.

22



c

x1

System II, y variables as function of coupling

0 1 2 3 4

0

0.1

0.2

0.3

c

m
ax

/m
in

 x
1

0 1 2 3 4

0

0.1

0.2

0.3

c

fr
eq

ue
nc

y

0 1 2 3 4
0

0.1

0.2

0.3

0.4

Fig. 10. Bifurcationdiagramsfor 40DSystemII, &
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